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We derive general rigorous results relating revivals in the dynamics of quantum many-body sys-
tems to the entanglement properties of energy eigenstates. For a D-dimensional lattice system of N
sites initialized in a low-entangled and short-range correlated state, our results show that a perfect re-
vival of the state after a time at most O(poly(N)) implies the existence of at least O(
√
N/ log2D(N))
“quantum many-body scars”: energy eigenstates with energies placed in an equally-spaced ladder
and with Re´nyi entanglement entropy at most O(log(N)) +O(|∂A|) for any region A of the lattice.
This shows that quantum many-body scars are a necessary consequence of revivals, independent of
particularities of the Hamiltonian leading to them. We also present results for approximate revivals,
for revivals of expectation values of observables and prove that the duration of revivals of states has
to become vanishingly short with increasing system size.
The behaviour of out of equilibrium quantum many-
body systems has been gathering a large amount of at-
tention in recent years. This has largely been motivated
by the recent progress of experimental platforms such as
cold atoms, ion traps or Rydberg atoms, where many of
these systems can be realized in practice [1–3]. One of
the most widely studied situations in this context is that
of “quantum quenches”: The system is first prepared in
an initial pure state, to then be subjected to an instan-
taneous change of Hamiltonian H0 → H that drives it
out of equilibrium. In generic cases, it is believed that
the dynamics will relax to an equilibrium state locally in-
distinguishable from a thermal ensemble, as granted by
the Eigenstate Thermalization Hypothesis (ETH) [4, 5].
Both the ETH and this relaxing behaviour have been con-
firmed in numerous numerical and experimental works
[6, 7]. However, there are various cases where this pre-
diction fails notoriously. They include integrable systems
that relax to a so-called generalized Gibbs ensemble [8],
and also many-body localized systems [9], characterized
by the presence of quasi-local integrals of motion [10]
which prevent the system from thermalizing due to mem-
ory of the initial conditions.
Recently, a new kind of deviation from the predictions
of the ETH has been found. It consists of systems which,
rather than relaxing, actually revive back to the initial
state after a short time. This phenomenon was first found
in the experiment of Ref. [3], which showed that a system
of 51 Rydberg atoms did not thermalize as expected when
prepared in a particular initial product state. Shortly af-
ter, this was associated with the presence of a number of
anomalous energy eigenstates in the spectrum [11], the
so called quantum many-body scars. Numerous recent ef-
forts have aimed to characterize these eigenstates [12–18]
and, since their discovery, they have been found in further
classes of models [19–28] (including driven ones [29, 30]),
some of which even display perfect revivals when the sys-
tem is prepared in particular product states [31, 32] or
matrix product states (MPS) [33, 34].
Motivated by these recent findings, we here derive a
number of analytical results that apply to many-body
systems exhibiting revivals at short times. Our re-
sults significantly improve upon a Lemma presented in
Ref. [31]. We first derive properties of the energy spec-
trum and eigenstates that have to be fulfilled when-
ever (approximate) revivals appear in a local quantum
many-body system, independent of the details of the
Hamiltonian and in any dimension D of the underly-
ing lattice. We show that the existence of at least
O(√N/ log2D(N)) (where N is the system size) quantum
many-body scars follows from the early revivals of low-
entangled and short-range correlated initial states, when
the revival time τ is at most of the order of poly(N).
We prove that all of these quantum many-body scars
have Re´nyi entanglement entropies (of orders α > 1) of
at most O(log(N)) + O(|∂A|), for any subset A of the
lattice sites, with the area law term vanishing if the ini-
tial state experiencing revivals is a product state. Our
bounds hence match the scaling that has been found in
concrete model Hamiltonians [20–22, 31–34]. In dimen-
sion D = 2 or higher and for initial product states, our
results show that quantum-many-body scars show even
weaker entanglement in terms of Re´nyi entropies of order
α > 1 than allowed by an area law (with log corrections).
Our manuscript is structured as follows: In Section I
we state our assumptions on the initial states and define
the notion of exact and approximate revivals. Then, in
Section II, we give constraints on the energy distribution
of initial states with revivals, which we use in Section III
to give bounds on the entanglement entropy. In Section
IV we explain the consequences of perfect revivals on an
observable, and in Section V we give universal constraints
that all periodic revivals must obey. In the Appendix we
include the proof of some of the technical statements and
discuss a model example to benchmark our bounds.
I. SYSTEMS WITH REVIVALS
We consider a system on a regular D-dimensional lat-
tice Λ of N sites with a local Hamiltonian H =
∑
x∈Λ hx,
where the local terms hx are uniformly bounded by a
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2constant h: ‖hx‖ ≤ h. As usual, we denote the unitary
implementing time-evolution by Ut = exp(−iHt) and the
energy eigenstates by |Ej〉. Without loss of generality, we
assume that the ground state energy vanishes, E0 = 0,
and set ~ = 1. We further assume that the system is
prepared in a pure state |Ψ〉 which:
i) Is a low-entangled state: For every region A on the
lattice, the reduced density matrix σA has rank at
most χ|∂A|, where |∂A| is the area of the boundary
of A and χ is independent of the system size.
ii) Is short-range correlated and out of equilibrium: It
fulfills exponential decay of correlation with a finite
correlation length and the standard deviation of the
energy is given by σ ≡ √〈H2〉 − 〈H〉2 = s√N for
some constant s > 0.
The statement of assumption i) is somewhat technical,
but it includes all states that can be represented by a
tensor network with constant bond dimension, such as
projected entangled-pair states (PEPS) in D=2 and ma-
trix product states (MPS) in D=1. The constant χ is
then directly related to the bond dimension. In particu-
lar, for product states we have χ = 1. The upper bound
σ ≤ s√N required in assumption ii) follows directly from
the finite correlation length. The assumption therefore
simply makes explicit that the initial state must not be
an eigenstate of the Hamiltonian. We emphasize that
generic tensor network states also have a finite correla-
tion length [35].
The way in which we understand revivals of a state is
in terms of the fidelity with the initial state, captured by
the following definition.
Definition 1. An initial state |Ψ〉 = ∑j cj |Ej〉 evolved
with a Hamiltonian H has an -revival at time τ if
|F (τ)− F (0)| ≤ , (1)
where F (t) = |f(t)| with f(t) = 〈Ψ| e−itH |Ψ〉 =∑
i |cj |2e−itEj .
The definition only involves an -revival at a single time
τ . However, it implies that there are further periodic
approximate revivals at later times. Concretely, an -
revival at time τ implies (see appendix A 1 for derivation)
F (mτ) ≥ 1−m
√
2, m ∈ N. (2)
We emphasize that the revival of the full many-body state
is a very strong condition and f(t), sometimes known as
“spectral form factor” and its absolute F (t) value as “sur-
vival probability”, is not a directly measurable quantity
(F (t) is, however, measurable in principle using an inter-
ferometric Ramsey scheme [36–39]). For this reason, we
also consider the case of a perfectly recurring expectation
value of an observable A, leading to similar results under
an additional assumption (see Section IV).
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FIG. 1. Schematic diagram of the energy distribution and
of the intervals ∆δ(l), with equally-spaced peaks of width
δ/τ . In the limit of perfect revivals, the peaks have width
0. The upper bound follows from the Berry-Esseen theorem
(Theorem 5 in the Appendix). Theorem 1 guarantees that
at least O(√N/ logD(N)) peaks have a weight larger than
O(1/poly(N)).
II. CONSTRAINTS ON THE ENERGY
DISTRIBUTION
From the definition f(t) = 〈Ψ| exp(−iHt) |Ψ〉, it is
clear that f(t) is the characteristic function of the prob-
ability distribution of energy. In this section, we there-
fore study the properties of the probability distribution
of energy in the case of -revivals of a state that fulfils
assumption ii) above. First we show that if there are ap-
proximate revivals at short times τ , a large weight of the
distribution is contained within equally-spaced “peaks”,
whose spacing depends on τ (see Fig. 1). This is true for
any initial state. We then make use of the fact that the
probability distribution of energy of a state with a finite
correlation length is roughly Gaussian, which we use to
show that at least ∼ √N of the peaks each contain total
weight of at least O(1/N).
To set up some notation, let us introduce α(t) as the
phase of f(t):
f(t) = eiα(t)F (t), α(0) = 0. (3)
Given α(τ) and an arbitrary constant 0 ≤ δ ≤ pi, we
define for all l ∈ Z the energy intervals
∆δ(l) =
2pil + α(τ)
τ
+
[
− δ
τ
,
δ
τ
]
, (4)
where addition is point-wise, and the interval between
two consecutive such intervals
∆δ(l) =
(
2pil + α(τ)
τ
+
δ
τ
,
2pi(l + 1) + α(τ)
τ
− δ
τ
)
. (5)
These partition the real line as R =
⋃
l∈Z ∆δ(l) ∪∆δ(l).
Notice that since ||H|| ≤ hN , the number of intervals
∆δ(l) in the spectrum with nonzero energy eigenvalues is
3at most
n ≡ τh
2pi
N ∝ τN. (6)
To de-clutter the notation in what follows, let us also
introduce p as the probability measure of energy of the
initial state, so that
p(∆δ(l)) =
∑
i:Ei∈∆δ(l)
|ci|2. (7)
The following lemma lower bounds the probability of
measuring an energy on the initial state within one of the
intervals ∆δ(l).
Lemma 1. Let  ≥ |F (τ)− F (0)|. Then∑
l∈Z
p(∆δ(l)) ≥ 1− 
1− cos(δ) . (8)
The proof can be found in Appendix A 2. The Lemma
tells us that if an -revival at time τ happens, the energy
distribution must be mostly contained in the intervals
∆δ(l) as long as cos(δ) is not too close to unity. The
smaller  (which is equivalent to an increasingly exact re-
vival), the narrower the intervals ∆δ(l) can be made, by
choosing a δ such that the RHS of (8) is close to 1. If the
recurrence time τ is very large, both the distance between
the intervals ∆δ(l) and their width 2δ/τ is small. In a
finite system, for every  > 0, recurrence theorems guar-
antee [40, 41] the existence of a corresponding recurrence
time τR. For generic systems, however, one expects that
τR = O(exp(N)). In this case, the distance between the
intervals ∆δ(l) becomes comparable to or smaller than
the level-spacing, so that the union of the ∆δ(l) auto-
matically contains (almost) all energy eigenvalues.
The next important feature of energy distributions
of local models in a state with finite-correlation length
is given by the Berry-Esseen theorem [42]. This is a
strengthening of the central limit theorem, in which the
error of having finite sample sizes is bounded by the num-
ber of samples. It allows us to derive the second key
constraint.
Lemma 2. Let |Ψ〉 be a state fulfilling assumption ii).
Then there exists a constant K ≥ 0 (independent of N)
such that
p(∆δ(l)) ≤ δ
στ
+K
log2D(N)√
N
. (9)
The proof can be found in Appendix A 3. Lemma 1
and Lemma 2 have competing effects: While Lemma 1
shows that the distribution clusters around at most n
evenly spaced energy intervals, Lemma 2 guarantees that
no particular interval of energy width δ can contain a
weight larger than δ/(τσ) +K log2D(N)/
√
N . Together,
they imply the existence of a large number of intervals
containing each a certain minimum weight:
Theorem 1. Given an initial state fulfilling assump-
tion ii) and with an -revival at time τ , then for ev-
ery c > 1 and 0 < δ ≤ pi, the number Nc,δ of intervals
∆δ(l) in the energy distribution with p(∆δ(l)) > 1/(cN)
is lower bounded as
Nc,δ ≥
√
N
[
1− hτ2pic − 1−cos(δ)
]
δ/(τs) +K log2D(N)
. (10)
Proof. The total number of peaks ∆δ(l) is upper bounded
by n = hNτ/2pi. Hence the total number of peaks such
that p(∆δ(l)) ≤ 1/(cN) is trivially also upper bounded
by n. Let the index set Jδ collect the peaks such that
p(∆δ(l)) > 1/(cN). Then using Lemma 1 we find
1− 
1− cos(δ) ≤
∑
l/∈Jδ
p(∆δ(l)) +
∑
l∈Jδ
p(∆δ(l)) (11)
≤ n 1
cN
+
∑
l∈Jδ
p(∆δ(l)) (12)
=
hτ
2pic
+
∑
l∈Jδ
p(∆δ(l)). (13)
Using Lemma 2 we then get
1− 
1− cos(δ) ≤
hτ
2pic
+
Nc,δ√
N
(
δ
sτ
+K log2D(N)
)
and re-arranging yields the desired bound.
To understand this bound, let us make a specific choice
for c and δ, assuming that  is very small. For example,
we can choose c = 2hτ/pi and δ =
√
2, so that /(1 −
cos(δ)) ≈ 1/2 and we find
Nc,δ ≥
√
N
4
[√
2
τs
+K log2D(N)
]−1
. (14)
We see that the number of peaks of width
√
2 such that
each of them contains weight at least (pi/2)/(hτN) is
essentially lower bounded by O(√N/ log2D(N)).
The result holds for any value of τ , but if τ scales very
quickly with N , this result loses its predictive power. For
τ = poly(N), one still finds a total weight of 1/poly(N)
in each peak, which is sufficient for our arguments on en-
tanglement in the next section. However, if we consider
the usual recurrence time τR for some  > 0 in a generic
system, which is τR = O(exp(N)), our bound trivial-
izes: the r.h.s. becomes negative if we do not choose
c exponentially large in the system size. At the same
time, if we choose c exponentially large, the peaks are
only required to contain an exponentially small amount
of weight, which does not yield useful information.
III. BOUNDS ON ENTANGLEMENT ENTROPY
We now come to estimating the entanglement entropy
of (approximate) eigenstates of the system. The previ-
ous discussion motivates the definition of the following
4normalized pure states
|Eˆl〉 = 1√
p(∆δ(l))
∑
Ej∈∆δ(l)
cj |Ej〉 . (15)
These are approximate energy eigenstates with energy
Eˆl = (2pil+α(τ))/τ for which δ/τ controls the precision,
in the sense that∥∥∥H |Eˆl〉 − Eˆl |Eˆl〉∥∥∥ ≤ δ
τ
(16)
and∥∥∥Ut |Eˆl〉 − e−iEˆlt |Eˆl〉∥∥∥ ≤√2(1− cos(δt/τ)) ≈ δ t
τ
,
(17)
where the last approximation holds for δt/τ  1. The
states |Eˆl〉 hence dephase in a time of order τ/δ, but
cannot be distinguished from eigenstates on time-scales
much smaller than that. In the limit δ/τ → 0 they con-
verge to actual eigenstates provided that the limit exists,
i.e., the interval ∆δ(l) actually contains an eigenstate in
this limit.
Theorem 1 implies that the initial state has a fidelity of
at least 1/cN with Nc,δ of the approximate eigenstates.
This is in fact enough to bound the Re´nyi entanglement
entropy Sα of those approximate eigenstates for every
region of the lattice, which is the focus of our next main
result. We remind the reader at this point that the Re´nyi
entropies are defined as
Sα(ρ) =
1
1− α log (Tr[ρ
α]) . (18)
In the limit α → 1 they converge to the von Neumann
entropy pointwise and they fulfill Sα ≤ Sβ for α ≥ β. In
the limit α→∞, one obtains S∞(ρ) = − log(‖ρ‖).
Theorem 2. There exist at least Nc,δ many of the ap-
proximate eigenstates |Eˆl〉 with the following property:
For all α > 1 and for any subregion A of the lattice, the
Re´nyi entanglement entropy is bounded as
Sα(ρˆ
(l)
A ) ≤
α
α− 1 [log cN + |∂A| log(χ)] , (19)
where Nc,δ is bounded as per Theorem 1 and ρˆ
(l)
A =
TrAc [|Eˆl〉〈Eˆl|].
Proof. This result is a slight extension of an argument
from Ref. [43]: Since the fidelity F between two quantum
state cannot decrease under tracing out sub-systems, we
have
|〈Ψ|Φ〉|2 ≤ F (ρA, σA)2, (20)
where, ρA = TrAc [|Φ〉〈Φ|] is the reduced state of Φ on
A and σA that of |Ψ〉. The fidelity between two states
is smaller than that of the outcome-distributions of any
measurement on the states. We can therefore use the
binary projective measurement {Pσ,1 − Pσ}, with Pσ
being the projector onto the image of σA, to find
F (ρA, σA)
2 ≤ Tr[ρAPσ] ≤ rank(σA) ‖ρA‖ (21)
= rank(σA) exp(−S∞(ρA)). (22)
In Refs. [43, 44] it was further shown that S∞ ≥ α−1α Sα.
Using assumption i), we thus find in our case
1
cN
≤ |〈Ψ|Eˆl〉|2 ≤ χ|∂A| exp
(
−α− 1
α
Sα(ρˆ
(l)
A )
)
(23)
and solving for Sα(ρˆ
(l)
A ) yields the desired bound.
In D = 1, |∂A| simply counts the number of con-
nected components of A and for a product state we
have χ = 1, so that the area law term vanishes. As
long as c = O(poly(N)), the result then leads to
O(
√
N/poly(log(N))) approximate eigenstates with en-
tanglement entropy of order O(log(N)). Since τ < c, this
allows for a longer revival time, of up to τ = O(poly(N)).
For systems that exhibit perfect revivals,  = 0, we can
choose δ = 0, so that by Eq. (16) the |Eˆl〉 become exact
eigenstates with energies in the set {(2pik+α(τ))/τ}k∈Z.
Corollary 1. If F (τ) = F (0) for some τ , there exists
a set of at least Nc,0 energy eigenstates |El〉 with ener-
gies in the set {(2pik + α(τ))/τ}k∈Z and such that their
entanglement entropy of any region is bounded as
Sα(ρ
(l)
A ) ≤
α
α− 1 [log cN + |∂A| log(χ)] , α > 1, (24)
where
Nc,0 ≥
√
N
(
1− hτ2pic
)
K log2D(N)
. (25)
This bound on the entropy is consistent with the ex-
amples of [20–22, 31–34], which display eigenstates with
a log(N) scaling of the von Neumann entropy (see Ap-
pendix B for a more detailed comparison).
IV. REVIVALS IN AN OBSERVABLE
Assuming a revival of the full many-body state is a
rather strong condition. Intuitively, it should be possi-
ble that physically relevant observables have a revival in
terms of their expectation value at time τ and yet the full
many-body state has small overlap with the initial state,
F (τ)  1. It may therefore be surprising that similar
conclusions as above can be reached when one assumes
that the expectation value is periodic,
〈A(t)〉 = 〈A(t+ τ)〉 ∀t, (26)
and one further assumption on the observable. To state
this assumption, let us write
〈A(t)〉 =
∑
i,j
cic
∗
jAije
−i(Ei−Ej)t =
∑
ω
vωe
−iωt, (27)
5such that vω =
∑
Ei−Ej=ω cic
∗
jAij . Then for any ω
′,
0 = lim
T→∞
∫ T
0
dt
T
(〈A(t+ τ)〉 − 〈A(t)〉) eiω′t
= (e−iτω
′ − 1)vω′ .
It follows that either the frequency ω′ does not appear in
the dynamics of the expectation value (vω′ = 0) or it is of
the form ω′ = 2pil/τ . For local observables in many-body
systems, we expect that in general Aij 6= 0 unless A and
H share some symmetry. It therefore seems reasonable
to assume that generically
vω = 0 =⇒ cic∗j = 0, ∀Ei − Ej = ω. (28)
We thus conclude that cic
∗
j 6= 0 only if Ei − Ej = 2pil/τ
for some integer l. This in turn implies F (0) = F (τ),
which is the assumption of Corollary 1. We leave it as
an open problem to explore the setting of approximate
-revivals of local observables.
V. UNIVERSAL CONSTRAINTS ON REVIVALS
It is expected that if revivals of the initial product state
exist, their duration (i.e., the time for which F (t) is larger
than some constant) must become vanishingly short in
the thermodynamic limit (see Fig. 2). This is also a
feature found in the concrete models (see, for example,
Refs. [32, 33]). We illustrate this with two different and
general results. The first one shows that the average
fidelity over time decays with system size for any initial
state fulfilling assumption ii).
Theorem 3. Let |Ψ〉 be a pure state fulfilling assumption
ii). Then ∫ T
0
dt
T
|F (t)|2 ≤ 5pi
2σT
+K ′
log2D(N)√
N
(29)
where K ′ ≥ 0 is a constant independent of system size.
A revival at a time τ of fidelity at least (1 − ) for a
time interval of length τrev contributes to the LHS of Eq.
(29) with (1− )τrev/τ , so that
(1− )τrev
τ
≤ 5pi
2στ
+K ′
log2D(N)√
N
∝ O(1/
√
N), (30)
which restricts the revivals of high fidelity to either a
very short time interval τrev or a very late time τ . In
Appendix B we show that the model from [32] effectively
saturates this bound.
The second result utilizes the Lieb-Robinson bound
[45] to show that a short time after an initial product
state is prepared (or equally, after a perfect revival), its
overlap with the initial state has to be sub-exponentially
small in the system size. For simplicity, we formulate
and prove this result only in the case of a D-dimensional
τ t
1
1-ε
F(t)
τrev
2τ
FIG. 2. Illustration of the typical behaviour of the fidelity of
a system with revivals. According to Theorems 3 and 4, the
width of the peaks τrev must decrease with system size.
FIG. 3. Schematic illustration for the idea behind Theorem 4:
An operator located in region Ai at time t = τ can (approxi-
mately) only be influenced by the region Ai(τ) at time t = 0
due to the past Lieb-Robinson “light-cone”. If the quantum
state of the regions Ai(τ) factorizes at time t = 0, it follows
that correlation functions between operators supported in the
regions Ai (approximately) factorize at time τ . Since trans-
lationally invariant product states have exponentially small
overlap, one hence expects that the states at times t = 0
and t = τ have exponentially small fidelity (as evidenced by
concrete models, see Appendix B).
cubic lattice of side-length L and with a translationally
invariant initial state and Hamiltonian. We emphasize,
however, that a similar argument applies on any regular
D-dimensional lattice and also for initial states that are
only translationally invariant with a higher period than
the lattice spacing.
Theorem 4. Consider the translationally invariant ini-
tial state |Ψ〉 = |ψ〉⊗N on the cubic lattice Λ = ZDL evolv-
ing under a strictly local, uniformly bounded, and trans-
lationally invariant Hamiltonian H. Define
k(t) = − log (〈Ψ| ρx(t)⊗ 1 |Ψ〉) , (31)
where ρx(t) = Tr{x}c [Ut|Ψ〉〈Ψ|U†t ] is the reduced density
matrix of an arbitrary site x at time t. If |Ψ〉 is not
an eigenstate, then for any δ > 0 there exists a time
0 < τ < δ such that k(τ) > 0. For any such fixed time τ
and for large enough L, we have
F (τ)2 ≤ O
(
exp
(
−1
4
[
LDk(τ)
]1/1+D))
. (32)
The theorem says that, whenever k(τ) > 0, the fidelity
between |Ψ〉 and the time-evolved state Uτ |Ψ〉 is sub-
6exponentially small in the linear size of the system L.
Furthermore, from a perturbative expansion one quickly
finds that for small τ we have k(τ) = O(τ2). The proof
of Theorem 4 is relatively involved and presented in Ap-
pendix A 5. However, the idea behind it is simple and
sketched in Fig. 3.
VI. CONCLUSION
We have derived general results on the energy spec-
trum and the entanglement of (approximate) energy
eigenstates for systems that show revivals. Most impor-
tantly, our results show that the presence of “quantum
many-body scars” with small amounts of entanglement
of order log(N) is a necessary consequence of the exis-
tence of revivals of a low entangled state with a revival
time that is at most O(poly(N)). This explains why this
scaling behaviour has been found in the concrete models
studied so far [20–22, 31–34]. One drawback of our results
is that they only yield non-trivial information for Re´nyi
entanglement entropies of orders α > 1. While it is of-
ten found in practice that von Neumann entropy and the
higher order Re´nyi entanglement entropies show a similar
scaling behaviour, this is not always the case. In partic-
ular our bounds on the Re´nyi entanglement entropies do
not guarantee the existence of an efficient description in
terms of matrix product states (MPS) [46] (although a
similar bound on the von Neumann would not imply this
either). Indeed, it is known [43] that there exist states
with both i) an arbitrarily large overlap with a product
state and ii) a volume-law scaling of the von Neumann
entropy, while all Re´nyi entropies of order α > 1 are
bounded by a constant (dependend on α). It is an in-
teresting open problem to find arguments for bounding
the von Neumann entropy instead of the Re´nyi entropy
of the quantum many-body scars in generality. A further
interesting open problem is to understand whether the
emergent (approximate) SU(2) representations that are
connected to quantum many-body scars in concrete mod-
els [22, 31–34] can be derived from general arguments.
Finally, it would be interesting to see whether similar re-
sults to the case of approximate revival of the initial state
can also be derived for approximate revivals of (generic)
expectation values of observables. This would also be in-
teresting from the point of view of bounding equilibration
time-scales in interacting quantum many-body system, a
problem where relatively little rigorous progress has been
made so far (see, for example, Refs. [7, 47–49] and ref-
erences therein for recent discussions of this problem).
In particular, it is an interesting open problem whether
-approximate revivals of local observables and at early
times are possible in entanglement-ergodic systems [43],
where all energy eigenstates at positive energy density
fulfill weak volumes laws of entanglement.
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Appendix A: Technical proofs of main results
1. Proof of Inequality (2)
Here we show inequality (2), using the notation |Ψ(t)〉 = Ut |Ψ〉. First, from the triangle inequality and the unitary
invariance of the trace-norm, we find
‖|Ψ(0)〉〈Ψ(0)| − |Ψ(mτ)〉〈Ψ(mτ)|‖1 ≤ m ‖|Ψ(0)〉〈Ψ(0)| − |Ψ(τ)〉〈Ψ(τ)|‖1 . (A1)
We now make use of the Fuchs-van de Graaf inequalities [50]
1− F (ρ, σ) ≤ 1
2
‖ρ− σ‖1 ≤
√
1− F (ρ, σ)2, (A2)
where F (ρ, σ) =
∥∥√ρ√σ∥∥
1
is the fidelity between two quantum states. In our case we have
F (t) = |〈Ψ(t)|Ψ(0)〉| = F (|Ψ(t)〉〈Ψ(t)|, |Ψ(0)〉〈Ψ(0)|). (A3)
8Using F (τ)2 = (1− )2 ≥ 1− 2, we thus find
1− F (mτ) ≤ m
√
1− F (τ)2 ≤ m
√
2, (A4)
which proves the claim.
2. Proof of Lemma 1
The proof follows from simple applications of inequalities between complex numbers. Since f(0) = 1, we have
|F (τ)− F (0)| =
∣∣∣e−iα(τ)f(τ)− f(0)∣∣∣ (A5)
=
∣∣∣∣∣∣
∑
j
|cj |2
(
1− e−iα(τ)−iEjτ
)∣∣∣∣∣∣ . (A6)
Since for any complex number we have |z| = √Rez2 + Imz2 ≥ |Rez|, we get the lower bound
|F (τ)− F (0)| ≥
∑
j
|c2j |(1− cos(Ejτ + α(τ))). (A7)
We now split up the summation in terms of the intervals ∆δ(l) and ∆δ(l) and neglect the contributions from ∆δ(l).
This yields a lower bound
|F (τ)− F (0)| ≥
∑
l∈Z
∑
j:Ej∈∆δ(l)
|cj |2(1− cos(Ejτ + α(τ))). (A8)
For Ej ∈ ∆δ(l) we have that
cos(Ejτ + α(τ)) ≤ cos(δ). (A9)
We hence obtain
 ≥ |F (τ)− F (0)| ≥ (1− cos(δ))
∑
l∈Z
p
(
∆δ(l)
)
⇒
∑
l∈Z
p
(
∆δ(l)
) ≤ 
1− cos(δ) . (A10)
Using the normalization of the probability distribution of energy, we then find
1− 
1− cos(δ) ≤
∑
l∈Z
p (∆δ(l)) . (A11)
3. Proof of Lemma 2
We first need the Berry-Esseen theorem for local Hamiltonians from [42], which reads as follows.
Theorem 5. (Lemma 8 of [42]) Let |Ψ〉 be a state with a finite correlation length, energy variance σ, and a local
Hamiltonian with uniformly bounded local terms, of a system of N particles on a D-dimensional lattice. Given the
cumulative function
J(x) =
∑
Ei≤x
|ci|2 (A12)
and the Gaussian cumulative function
G(x) =
∫ x
−∞
dt√
2piσ2
e
−(t−〈H〉)2
2σ2 , (A13)
9then
sup
x
|J(x)−G(x)| ≤ C log
2D(N)
s3
√
N
, (A14)
where C is a constant and s = σ√
N
.
The proof of Lemma 2 follows straightforwardly from this result. Let us first recall the definition of p(∆δ(l)) from
the main text,
p(∆δ(l)) =
∑
i:Ei∈∆δ(l)
|ci|2, (A15)
where ∆δ(l) =
2pil+α(τ)
τ +
[− δτ , δτ ]. Using the notation of Theorem 5, we can write
p(∆δ(l)) = J
(
2pil + α(τ)
τ
+
δ
τ
)
− J
(
2pil + α(τ)
τ
− δ
τ
)
. (A16)
Now, using the triangle inequality and the Berry-Esseen bound,
|J(x+ y)− J(x)| ≤ |G(x+ y)−G(x)|+ |J(x+ y)−G(x+ y) +G(x)− J(x)| (A17)
≤ |G(x+ y)−G(x)|+ 2 sup
x
|J(x)−G(x)| (A18)
≤ |G(x+ y)−G(x)|+K log
2D(N)√
N
, (A19)
where K ≥ 2C/s3. By definition we have that, for all x ≥ 0,
|G(x+ y)−G(x)| =
∫ x+y
x
dt√
2piσ2
e
−(t−〈H〉)2
2σ2 ≤
∫ y/2+〈H〉
−y/2+〈H〉
dt√
2piσ2
e
−(t−〈H〉)2
2σ2 =
∫ y/2
−y/2
dt√
2piσ2
e
−t2
2σ2 ≤ y
2σ
, (A20)
where in the last step we have used that Erf[x] ≡ 1√
pi
∫ x
−x dte
−t2 ≤ √2x. Setting y = 2δτ completes the proof.
4. Proof of Theorem 3
The proof follows an argument first found in [51, 52], combined with the Berry-Esseen theorem (see section A 3).
Since the integrand of the LHS is positive, we have that∫ T
0
dt
T
|F (t)|2 ≤ 5
4
∫ T
0
Tdt
T 2 + (t− T2 )2
|F (t)|2 (A21)
=
∑
l,m
|cl|2|cm|2 5
4
∫ T
0
Tdt
T 2 + (t− T2 )2
e−it(El−Em)
≤
∑
l,m
|cl|2|cm|2 5
4
∣∣∣∣∣
∫ T
0
Tdt
T 2 + (t− T2 )2
e−it(El−Em)
∣∣∣∣∣
=
5pi
4
∑
l,m
|cl|2|cm|2e−T |El−Em|
Appendix B of [51] (and also Appendix B of [52]) then shows that∑
l,m
|cl|2|cm|2e−T |El−Em| ≤ 4 max
E
∑
El∈{E,E+1/T}
|cl|2 ≡ 4ξ(1/T ). (A22)
Next, we use again the Berry-Esseen theorem (Theorem 5). Note that we can write
ξ(1/T ) = max
E
J(E + 1/T )− J(E). (A23)
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Let us define E∗ as the solution of the optimization in Eq. (A23). This yields
∣∣ξ(1/T )−G(E∗ + 1
T
)
+G(E∗)
∣∣ ≤ 2 sup
x
|J(x)−G(x)| (A24)
≤ 2C log
2D(N)
s3
√
N
,
where in the first line we use the triangle inequality, and in the second the Berry-Esseen. Thus∫ T
0
dt
T
|F (t)|2 ≤ 5pi
(
G
(
E∗ +
1
T
)
−G(E∗)
)
+ 10piC
log2D(N)
s3
√
N
(A25)
≤ 5piErf[1/(
√
2σT )] + 10piC
log2D(N)
s3
√
N
, (A26)
where Erf[x] ≡ 1√
pi
∫ x
−x dte
−t2 . The result now follows from the fact that Erf[x] ≤ √2x and setting K ′ ≥ 10piC/s3.
5. Proof of Theorem 4
The proof of Theorem 4 relies on Lieb-Robinson (LR) bounds [45], which apply under our assumptions on the
Hamiltonian stated in the main text. LR bounds can be stated in different ways, see Ref. [53] for a review. For our
purposes, the following formulation will be most suitable. To state it, we have to set up some notation. For any region
X of the lattice Λ = ZDL , we define
HX =
∑
x:supp(hx)⊆X
hx (A27)
as the sum of Hamiltonian terms supported in the region X. For any region X we define the complement Xc = Λ \X
and |X| to be the number of lattice sites contained in X. For any two regions of the lattice X,Y we denote by d(X,Y )
the lattice distance between the regions. For any region X we further define UXt as the unitary propagator for time
t under the Hamiltonian HX . Given our conventions, we thus have Ut = U
Λ
t . Now let A be a local observable. By
abuse of notation, we also denote by A its supporting region on the lattice and hence by |A| the corresponding number
of sites of the lattice on which it acts. We further define
AX(t) = UXt
†
AˆUXt , AΛ(t) = A(t). (A28)
We are now in position to state the LR bounds that we will use.
Lemma 3 (Lieb-Robinson bounds). Let A be a local observable and H a strictly local, and uniformly bounded
Hamiltonian. Then there exist constants KLR, vLR ≥ 0 such that for all X with l := d(A,Xc) ≥ 2D − 1 we have∥∥AX(t)−A(t)∥∥ ≤ ‖A‖KLRlD−1evLRt−l. (A29)
The Lieb-Robinson bounds tell us that we can approximate the time evolution of a local observable A by time
evolution constrained to a neighbourhood X around it as long as the distance l from A to the complement of X is
much larger than vLRt. In turn this implies that regions on a lattice that are a distance l apart cannot build up
significant correlations within a time much smaller than l/vLR.
For now, we will keep the proof slightly more general than the statement in the theorem and consider an initial
state |Ψ〉 = ⊗x |ψx〉 that need not be translationally invariant. We then specialize to the latter case towards the end
of the proof. In the following we write |Ψ(τ)〉 = Uτ |Ψ〉. First, using that |Ψ〉 = |Ψ(0)〉 is a product state, we find for
any region A:
|〈Ψ(τ)|Ψ(0)〉|2 = 〈Ψ(τ)| ⊗x∈Λ |ψx〉〈ψx| |Ψ(τ)〉 ≤ 〈Ψ(τ)| ⊗x∈A |ψx〉〈ψx| ⊗ 1Ac |Ψ(τ)〉 . (A30)
Viewing Ax = |ψx〉〈ψx| ⊗ 1Λ\{x} as a local observable supported on site x ∈ A and A = ⊗x∈A|ψx〉〈ψx| ⊗ 1Ac as one
supported on region A, we can then make use of the Heisenberg picture to get
|〈Ψ(τ)|Ψ(0)〉|2 ≤ 〈Ψ(0)|A(τ) |Ψ(0)〉 . (A31)
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We now fix the region A to consist of a sub-lattice of sites, all of which are a distance 2(l + 1) + r apart from each
other, where r is the maximum diameter of the support size of the Hamiltonian terms:
r = max
x∈Λ
|diam(supp(hx))|. (A32)
The distance l will be fixed later. We define Bx(l) to be an l-neighbourhood of x,
Bx(l) = {y ∈ Λ | d(x, y) ≤ l}, (A33)
and set X = ∪x∈ABx(l − 1). With this choice we have d(A,Xc) = l and
UXt =
∏
x∈A
V x(t), (A34)
where V x(t) is only supported within Bx(l − 1), which implies
AX(t) =
∏
x∈A
Ax(t). (A35)
Using the LR-bounds and that |Ψ(0)〉 is a product state, we then find
〈Ψ(0)|A(τ) |Ψ(0)〉 ≤ 〈Ψ(0)|AX(τ) |Ψ(0)〉+KLRlD−1evLRτ−l =
∏
x∈A
〈Ψ(0)|AXx (τ) |Ψ(0)〉+KLRlD−1evLRτ−l. (A36)
We can now make use of the LR-bounds again to approximate each factor:
〈Ψ(0)|AXx (τ) |Ψ(0)〉 ≤ 〈Ψ(0)|Ax(τ) |Ψ(0)〉+KLRlD−1evLRτ−l = 〈Ψ(τ)|Ax |Ψ(τ)〉+KLRlD−1evLRτ−l. (A37)
Using that ‖A(t)‖ = ∥∥AX(t)∥∥ = ∥∥AXx (t)∥∥ = ‖Ax(t)‖ = 1, we can then bound
〈Ψ(0)|A(τ) |Ψ(0)〉 ≤
∏
x∈A
〈Ψ(0)|Ax(τ) |Ψ(0)〉+ 2|A|KLRlD−1evLRτ−l. (A38)
However, we also have
〈Ψ(0)|Ax(τ) |Ψ(0)〉 = 〈Ψ(τ)| |ψx〉〈ψx| ⊗ 1{x}c |Ψ(τ)〉 = Tr [ρx(τ)|ψx〉〈ψx|] =: exp(−kx(τ)). (A39)
Putting the bounds together and using the assumption
k(τ) = min
x∈Λ
kx(τ) > 0, (A40)
we thus find
|〈Ψ(τ)|Ψ(τ)〉|2 ≤ exp(−k(τ)|A|) + 2|A|KLRlD−1 exp(vLRτ − l). (A41)
We now choose l =
(
LDk(τ)
)1/(1+D)
. For large enough L, we then find
|A| ≤ 1
2
(
L
l
)D
=
1
2
(
LD
k(τ)
) D
1+D
, (A42)
|A| ≥ 1
4
(
LD
k(τ)
) D
1+D
. (A43)
This leads to
|〈Ψ(τ)|Ψ(0)〉|2 ≤
[
1 +KLR
(
LD
k(τ)
) D
1+D (
LDk(τ)
)D−1/(D+1)
evLRτ
]
exp
(
−1
4
(
LDk(τ)
)1/(1+D))
(A44)
=
[
1 +KLR
(
N2D−1
k(τ)
) 1
D+1
]
exp
(
−1
4
(Nk(τ))
1/(1+D)
)
(A45)
= O
(
exp
(
−1
4
(Nk(τ))
1/(1+D)
))
. (A46)
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What is left is to show that for any δ > 0 there exists a τ < δ such that k(τ) > 0. To do this, we now make use of
translational invariance, so that k(τ) = kx(τ) for any x ∈ Λ. Suppose now contrarily that there exists a δ > 0 and
k(τ) = 0 for all τ < δ. This means that k(τ) is constant over an open interval. But since on any finite system k(τ) is
an analytic function, it then has to be constant. This in turn implies that
ρx(τ) = |ψ〉〈ψ|x (A47)
for all τ , which implies that the initial state is an eigenstate. This finishes the proof of Theorem 4. We emphasize
that we only used translational invariance of the initial state to argue that k(τ) > 0. It should be clear from the
argument given above that it can be generalized to situations where, for example, the initial state is translationally
invariant with a higher period, or is only a product state after neighboring spins are blocked together.
Appendix B: Comparing the bounds with previous results
To illustrate the tightness of our bounds, we compare our results with with those of a recently found model with
quantum scars and perfect revivals in Ref. [32]. The model is the spin-1 XY model in a hypercubic lattice with
N = LD particles and Hamiltonian
H =
∑
〈ij〉
(Sxi S
x
j + S
y
i S
y
j ) + h
∑
i
Szi +D
∑
i
(Szi )
2, (B1)
where Sαi are the spin-1 operators on site i. In Ref. [32] it was found that this Hamiltonian has N + 1 eigenstates |Sn〉
with n ∈ {0, ..., N} which form a representation of SU(2) and have equally spaced energies En = h(2n −N) + ND.
Moreover, there exists a particular product state |Ψ0〉 =
⊗
i |ψi〉, the so-called “nematic Ne´el” state, which is such
that
|F (t)|2 = | 〈Ψ0| e−iHt |Ψ0〉 |2 = cos2N (ht), (B2)
that is, it exhibits perfect revivals at periods of pi/h, with a weight suppressed exponentially with the system size.
This initial product state can be written as
|Ψ0〉 =
N∑
n=0
cn |Sn〉 , c2n =
1
2N
(
N
n
)
, (B3)
so that 〈H〉 = ND and σ = h√N , which thus fulfills assumptions i) and ii) from the main text. One can easily
calculate that for any T = pil/h we have∫ T
0
dt
T
|F (t)|2 =
(
N − 12
)
!√
piN !
= (piN)−1/2 +O(N−3/2), (B4)
which shows that the scaling of Theorem 3 is close to optimal.
For a bi-partition of the lattice N = NA +NB with NA ≤ NB , the scar eigenstates have a Schmidt decomposition
|Sn〉 =
∑K
k=0
√
λ
(n)
k |i(n)k,A〉 ⊗ |i(n)k,B〉 where K = max{n,NA}. The coefficients are calculated to be
λ
(n)
k =
(
NA
k
)(
NB
n−k
)(
N
n
) . (B5)
Let us choose NA = NB = N/2. The Re´nyi-∞ entropy can now be easily obtained by noting that for all n, the largest
Schmidt coefficient is given by
λ(n)max =
(
N/2
n/2
)2(
N
n
) . (B6)
Let us now do the change of variables n = bN , so that b is a O(1) number for the O(N) eigenstates in the bulk of the
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spectrum. For large N , using Stirling’s approximation, we find that
(
N/2
bN/2
)2
' 1
piNb(1− b)
N
2
1(
bN
2
)b ( (1−b)N
2
)(1−b)

N
(B7)
(
N
bN
)
' 1√
2pib(1− b)N
(
N
1
(bN)
b
((1− b)N)(1−b)
)N
, (B8)
which leads to
λ(n)max '
√
2
pib(1− b)N , (B9)
and therefore
S∞ ≡ − log λ(n)max '
1
2
logN +
1
2
log(pib(1− b)/2). (B10)
This, together with the inequalities for Re´nyi entropies Sα ≥ S∞ for all α ≥ 0 and
α− 1
α
Sα ≤ S∞ ∀α ≥ 1, (B11)
implies that all the Re´nyi entropies with α > 1 of the O(N) eigenstates also scale logarithmically, and that the Re´nyi
entropies for 0 ≤ α ≤ 1 scale at least logarithmically. Similar conclusions can likely be reached with further models in
the literature such as [31, 33]. In contrast, Corollary 1 only guarantees the existence of O(√N/ log2D (N)) eigenstates
in which the Re´nyi entropies with α > 1 scale at most logarithmically.
